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Abstract. In this paper, we consider graded associative conformal algebras. 
The class of these objects includes pseudo-algebras over non-cocommutative 
Hopf algebras of regular functions on some linear algebraic groups. In partic- 
ular, an associative conformal algebra which is graded by a finite group T is 
a pseudo-algebra over the coordinate Hopf algebra of a linear algebraic group 
G such that the identity component G° is the affine line and G/G° ~ T. A 
classification of simple and semisimple graded associative conformal algebras 
of finite type is obtained. 



1. Introduction 

Conformal algebras were introduced in pQ as a useful tool for studying vertex al- 
gebras appeared in two-dimensional conformal field theory in mathematical physics 
[2] . The structure of a (Lie) conformal algebra encodes the singular part of the op- 
erator product expansion (OPE) which is responsible for the commutator of two 
chiral fields. 

From the algebraic point of view, the notions of conformal algebras, their repre- 
sentations and cohomologies are higher-level analogues of the ordinary notions in 
the pseudo-tensor category [5] associated with the polynomial Hopf algebra k[D], 
see [4] for details. 

For an arbitrary Hopf algebra H, an algebra in the pseudo-tensor category associ- 
ated with H is called pseudo-algebra. Note that ordinary algebras (representations, 
cohomologies) correspond to the "trivial" case of 1-dimensional Hopf algebra. For 
pseudo-algebras, the analogues of finite-dimensional algebras are those finitely gen- 
erated as modules over H. These pseudo-algebras are said to be of finite type or 
simply finite. 

The structure theory of finite Lie conformal algebras was developed in [5] and 
later generalized in [4] for pseudo-algebras over a wide class of cocommutative 
Hopf algebras. The structure theorems for finite associative conformal algebras 
and pseudo-algebras over cocommutative Hopf algebras can be derived from the 
corresponding statements on Lie algebras. 

Our aim is to obtain structure theorems for finite associative pseudo-algebras 
over some non-cocommutative Hopf algebras (Lie pseudo-algebras can not be de- 
fined in this case). 

In [Hj , we proposed the notion of a conformal algebra over a linear algebraic group 
G which is equivalent to the notion of a pseudo- algebra over the Hopf algebra k[G] 
of regular functions on G. Ordinary algebras over a field k correspond to the case 
of trivial group, conformal algebras — to the case when G is isomorphic to the affine 
line A 1 = (k, +). 

l 
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In this paper, we introduce the notion of a graded conformal algebra over a 
(connected) abelian linear algebraic group G°. In contrast to the case of ordinary 
algebras, we need three parameters to define the grading: a group T, a homomor- 
phism a : T — > AutG , and a 2-cocycle <p of the group V with coefficients in G° 
endowed with T-module structure 7A = X a ^\ 7 G T, A G G°. The main reason for 
this approach is the following: If |T| < 00 then a (T, a, t/?)-graded conformal algebra 
over G° is the same as conformal algebra over a linear algebraic group G obtained 
as the extension of G° by means of T with respect to a and <p. However, the group 
r may be infinite. In this (r, er, (^)-graded conformal algebra is no more a 

pseudo-algebra in the sense of [4] . 

The main result of the paper is the classification of finite simple and semisimplc 
associative (T, a, </?)-graded conformal algebras over A 1 . 

2. Preliminaries in conformal algebras and pseudo-algebras 

Suppose A is an algebra (not necessarily associative) over a field k, chark = 0. 
Denote by A[[z, z~ 1 ]] the space of formal power series (distributions) that may be 
infinite in both directions. A pair of distributions a(z),b(z) G is called 

local if there exists a natural N such that a(w)b(z)(w — z) N = in the space 
A[[z, z~ l , w, The product a(w)b(z) of two formal distributions that form a 

local pair may be presented as 

JV_1 1 d n 6(w — z) 
a(w)b{z) = -)Cn(z) ^ , 

n=0 

where 6(w — z) = w m z~ m ~ 1 is the formal delta-function, c n (z) 6 A[[z,z -1 ]] 

mez 

For example, if V is a vertex operator algebra (see [7] as a general reference) 
with a state-field correspondence Y : V — > gl V[[z, z^ 1 ]], Y : a h-> Y(a,z), then 
the space of all distributions {V(a, z) \ a G V} consists of pairwise mutually local 
series. 

For a local pair of distributions a{z),b{z) G v4[[z,z -1 ]] one may consider the 
Fourier transform of their product 

(1) (a (a) b)(z) = Res w =0 a(w)b(z) exp{A(w - z)}, 

where Res w= of(w, z, \) is the formal residue of /, i.e., the coefficient at w~ l . Lo- 
cality implies the X-product (a (a) b) to be a polynomial in A with coefficients in 
A[[z, z -1 ]]. Axiomatic description of the properties of this new "parametrized" op- 
eration and its relationship with the ordinary derivation T = d/dz on A[[z, z^ 1 ]] 
leads to the following 

Definition 1 A conformal algebra is a linear space C over a field k of zero 

characteristic endowed with a linear map T : C — > C and bilinear operation ('(a)') : 
C®C ->• C[X] such that (Ta (A) b) = -X(a (A) b) and (a (A) Tb) = (T + A) (a (A ) b). 

Conformal algebra which is finitely generated as k[T]-module is said to be finite. 

A subspace C C A[[z, z -1 ]] that consists of pairwise mutually local series which 
is closed under d/dz and (• (a) ■) given by ([1]) is called a conformal algebra of formal 
distributions over A. 

For every conformal algebra C there exists a unique (up to isomorphism) coeffi- 
cient algebra A(C) [8] such that C is embedded into a conformal algebra of formal 
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distributions over A(C) and A(C) is universal among all such algebras A. The 
following natural definition was proposed in [8] : Given a variety 9Jt of algebras (as- 
sociative, commutative, Lie, etc.), a conformal algebra C is said to be 9Jt-conformal 
algebra if and only if A(C) belongs to 9JI. In particular, every vertex operator 
algebra gives rise to a Lie conformal algebra. This is the main motivation to study 
Lie conformal algebras and their representations. 

Structure theory of finite Lie and associative conformal algebras was developed 
in [5]. In particular, if k is an algebraically closed field of zero characteristic then 
every simple finite associative conformal algebra C is isomorphic to the current 
conformal algebra over A — Af n (k), i.e., 

C ~ k[T] ® A, (/(T) ® a) (A) (g(T) ® 6) = f(-X)g(T + A) ® 06, 

for /, g € k[T], a, 6 £ A. Conformal algebra is called semisimple if it has no nonzero 
ideals I such that I po 7 = 0. A semisimple finite associative conformal algebra is 
proved to be a direct sum of simple ones [5]. 

Note that for finite Lie conformal algebras there exists a unique exceptional 
example apart from current conformal algebras — the Virasoro algebra. This is a 
one-dimensional k[T] module with generator v such that v ( A ) V = (T + 2X)v. 

An important generalization of conformal algebras was proposed in [1] . For every 
Hopf algebra if with coproduct A : if — > if ® if and antipode S" : if — s- if one 
may consider the class (if) of left unital if- modules as a pseudo-tensor category 
in the sense of [3] . The notion of a pseudo-tensor category generalizes the notion 
of an operad. Namely, operads are exactly the pseudo-tensor category with only 
one object. For one-dimensional Hopf algebra if = k, M(H) is the class of linear 
spaces equipped by poly linear maps. 

An algebra in A4(ff) is called a pseudo- algebra over if. This is a module C G 
A4(H) endowed with a map 

(2) * :C ®C -> (if ® H)® H C 

such that 

(ha* gb) — {{h® g) ® H l)(a*b), a,beC, h,geH. 

Here if (g) if is considered as the outer product of regular right if- modules, i.e., 
{h®g)-f = (h®g)A(J), f,g,heH. 

Conformal algebras in the sense of Definition [T] are exactly pseudo- algebras over 
if = k[T], A(T) = T ® 1 + 1 ® T, S{T) = -T. Namely, if C is a conformal algebra, 
a, b e C, (a (A) 6) = E A " c « thcn a * b = E M)™^" ® 1) ®ff c„. 

n>0 n>0 

From the categorical point of view (similar to [9]), a pseudo-algebra is a functor 
from the operad of planar binary trees to M.(H). Given a variety DJl of (ordinary) 
algebras defined by a family of homogeneous polylinear identities, one may define 
what is an 9Jt-pseudo-algebra over if by means of the operad associated with 9Jt. 
For conformal algebras, this definition is equivalent to the mentioned above: An 
9Jt-pseudo- algebra over k[T] (chark = 0) is the same as 971-conformal algebra [TP] , 

A systematic study of Lie and associative pseudo-algebras over a wide class of 
cocommutative Hopf algebras was done in [4] . 

The operad associated with Lie (or commutative) algebras is symmetric, but 
M(H) is a symmetric pseudo-tensor category only if if is cocommutative. This is 
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why one cannot define Lie pseudo-algebras over a non-cocommutative Hopf alge- 
bras in this way. Nevertheless, associative pseudoalgebras may be defined over an 
arbitrary Hopf algebra. 

A natural class of Hopf algebras is given by coordinate algebras of linear algebraic 
groups. If G is such a group and H = k[G] is the algebra of regular functions on G 
then the class of pseudo-algebras over H can be completely described in terms of 
operations indexed by elements of G. 

Definition 2 ( 6 ). A conformal algebra over G is a left unital H- module C endowed 
with a family of bilinear operations 

{■ {g y):C®C^C, gEG, 

such that the following properties hold. 

• For every a, b E C there exists hi <g> a E H ® C such that (a ( g ) b) = 

i 

h t {g)a for all g E G; 

i 

• ( h a ( M ) b) = Hg-^ia (g) 6); 

• (a ( 9 ) hb) = L g h(a ( g ) 6), where (L g h)(x) = h(gx) for x E G. 

Obviously, if G = A 1 ~ (k, +) then this definition coincides with Definition [TJ In 
general, a conformal algebra over G is the same as pseudo-algebra over H = k[G}. 
Associativity of such a pseudo-algebra C may be expressed in terms of (/-products 
as follows: 

a ( g ) (b ( h ) c) = (a (g ) b) {hg) c, a, b, c e C, g, h e G. 

The main purpose of this paper is to describe the structure of simple and semisim- 
ple conformal algebras over linear algebraic groups G such that G° is isomorphic 
to the affine line. It turns out that such objects are natural to describe in terms 
of graded conformal algebras over the affine line. This is a step towards complete 
structure theory of conformal algebras over 1-dimensional linear algebraic groups. 
Another case (when G° ~ k*) corresponds to Z-conformal algebras introduced in 
[IT] . Structure theory of such algebras is a topic for further investigation. 

3. Graded conformal algebras 

Let G° be an abelian connected linear algebraic group, and let Aut G° be the 
group of its continuous automorphisms. Suppose T is a group, and fix a homo- 
morphism a : T — > AutG . Also, choose a 2-cocycle ip € Z 2 (T,G a ,a), i.e., a map 
if : T x T -> G° such that 

(3) <p{a0, 7 M«, /?) CT(7) = <p(a, h)<f{P, l) 

for all a, (3, 7 € T and cp(e, e) = e. Note that <p(a, e) = </?(e, a) = e and ^(a -1 , a) = 
ip(a,a- 1 )' 7( ' a '> for all a E T. 

Denote by H° the algebra of regular functions on G°. For A 6 G°, denote by L\ 
the shift operator on H°, i.e., (L\h)([i) = /i(A^), h E H°, fi E G°. 

Definition 3. A (r, cr, ip)-graded conformal algebra over G° is a graded 7?°-modulc 
equipped by a family of k-bilinear operations (• ( A ) ■), A E G°, such that: 
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(CI) For every a,b G G the function (a< x \ b) is regular, i.e., (a (a) b) = J2i hi(\)ci 

for an appropriate J2i n i® Ci G H <8> C. 
(C2) If a G C a and b G Cp then (a (A) 6) G C a0 , a, f3 G T, A G G*°. 
(C3) If a G C Q , 6 G Cp, and ftgif then 

(to (A) b) = ft((A~V(« s a- 1 )- 1 ) CT W)(a (A) 5), 

(a (A) = (I'Ao-(«/9) v >(a- 1 ,a^)' l )( a (A) &) 

for all A G G°. 

If G is a finitely generated i?°-module then G is said to be finite (T, tr, </?)-graded 
conformal algebra over G°. 

A homomorphism of (r, cr, y)-graded conformal algebras over G° is a homoge- 
neous homomorphism of graded -ff°-modules preserving the operations (• r\) •) for 
all A G G°. 

Recall that 2-cocycles ip, ip' G Z 2 (T, G°, a) are called cohomological if there exists 
a 1-cochain r : T — > G° such that 

(4) ^(a^Ma^)- 1 =T{ a y^T{p)T{aP)-\ a,/3 G T. 

Given T and cr as above, a 2-cocycle ip G Z 2 (T, G°, cr) defines an extension 

{e} -> G° -> G -> r -)• {e}, 

where cr represents the conjugation: g~ 1 \g = A' 7 ' 7 *', where 7 = gG° G T = G/G°. 
Cocycles ip and 93' define isomorphic extensions if and only if they are cohomological 
(see, e.g., [15]). 

Proposition 1. If ip,(p' G Z 2 (T, G°,cr) are cohomological then the categories of 
(T,a,(p)- and (T, cr, ip')- graded conformal algebras over G° are equivalent. 

Proof. Suppose C = @ G 7 is a (r, cr, <y9)-graded conformal algebra, and ip' G 

Z 2 (T, G°,(p) is related with tp by (TJ}. Then we may define a new structure of 
an i?°-module and a new family of operations (-[a]') on G by the following rule: 

h-a = (L T{a) -ih)a, (d[\]b) = {a (at^- 1 )) b) 

for a G C a , b G G, A G G°, /i G 77°. Straightforward computations show this new 
system is a (r, cr, </3')-graded conformal algebra over G° (it is enough to check the 
condition (C3) of Definition [3]). The correspondence constructed is obviously an 
equivalence of categories. □ 

Example 1. If G° is the trivial group then cr and ip are also trivial, so Definition [3] 
describes the class of T-graded ordinary algebras over Ik. 

Example 2. Let A = (J) A 7 be an (ordinary) T-graded algebra. Then the free H°- 

module G = H° ® A can be endowed with a natural structure of a (r, cr, <^)-graded 
conformal algebra over G° via 

(h ® a) ( A) (5 <8 ft) = 0~Y (a) )( £ A<^Ma-i,a/3)S) <8> a6, 

h, g E H , a G Aq,, b E Ap. The graded conformal algebra G obtained is called the 
current conformal algebra over A, it is denoted by Cur A. 

The following example explains the origin of Definition [3] 
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Example 3. Consider a linear algebraic group G with abelian identity component 
G°. Denote by F the quotient group G/G°. Then there exist a : T — > Aut G° and 
(f G Z 2 (T, G°,cr) such that G is isomorphic to the set T x G° endowed with the 
product 

(7,A)C8,/i) = (7^,A^W(7,)8)). 

7 ,/3er, A,/xeG°. 

The Hopf algebra if = k[G] of regular functions on G may be presented as the 
algebra (kT)* ®H° with coproduct and antipode depending on a and ip. Here (kT)* 
is the dual group algebra of F spanned by functionals T 7 : T — > k, (T 7 ,/3) = Sy,p, 

7,/?er. 

Suppose C is a conformal algebra over G [6], i.e., a pseudo-algebra over if [4]. 
The natural decomposition C = ® C 7 , C 7 = {i £ C (T 7 eg) l)x = x}, defines a 

T-grading on the if°-module C. Moreover, the operations 

(a (A) b) = (a (Q -i jA) b), aeC a , 6 G G, A G G°, 

turn C into a (T, cr, </?)-graded conformal algebra over G°. 

Conversely, every (T, cr, (^)-graded conformal algebra over G° (for a finite group 
r) is a conformal algebra over the corresponding extension of G . 

Let V = K 7 be a graded linear space. Then the algebra EndF of linear 

transformations of V carries the following natural grading: 

(5) EndV = 0(EndV% 

7er 

(6) (EndV% = {£ G End V | £(V a ) C V ia , a G T}. 

A map a : G° — > End V is called locally regular if for every v G V there exists an 
element (a m v) — ^hi®Vi G if ® V such that a(A)t> = fi(X)Vi for all A G G°. 

Example 4. Let M = M 7 be a graded if°-module. Denote by (Cend r M) 7 
7er 

the space of all locally regular maps a : G° — > (End M) 7 such that 
<z(A)(ftu) = (L x ^f, )lp{l -i >10) h)a(X)u 

for all ft G if , u G M , A G G°. 

In fact, the structure of (Cend r M) 7 depends also on a and but we use the 
single letter T in order to simplify notations. We will later use Cend without a 
superscript for the space of "non-graded" conformal linear maps, as in pQ. 

For each 7 G T the space (Cend r M) 7 carries the following if°-module structure: 

(fta):A^ft((A-V(7,7^ 1 )- 1 r (7) ). 

Consider the formal direct sum of all (Cend r M) 7 as a graded if°-module de- 
noted by Cend r M. There exists a natural family of bilinear operations (• rx\ •) on 
Cend r M, namely, 

(7) (a (x) 6)0*) = a(A)6((A-V^- X , a" 1 )" 1 )^) 

for a G (Cend r M) a , b G (Cend r M)^, £ G°. It is easy to check that the 
operations given by ([7]) satisfy the conditions (C2) and (C3) of Definition [3J More- 
over, if M is a finitely generated if°-module then the condition (CI) also holds. 
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Indeed, for a fixed system of homogeneous generators ui,...,u n G M, every map 
a G Ccnd r M is completely defined by no more than n 2 regular functions hij G H°. 
Indeed, it is enough to consider 

n 

a(x)uj = y~]fij <8>Uj, i = l,...,n. 
3=1 

Hence, (a ^ b) can also be considered as an element in H° (g) Cend r M. 

For every (r, a, <p)-graded conformal algebra C over G° there exists a natural 
homogeneous iJ°-linear map I : C — > Cend r C, 1(a) : A i-> (a ( A ) •) G EndC, a G C, 
A G G°. If £ preserves operations (• ( A ) •) for all A G G° then C is said to be 
associative. This definition is similar to the case of ordinary algebras when Cend 
means the same as End. Thus, the axiom of associativity for graded conformal 
algebras has the following form: 

( 8 ) ( a (A) b) M c = (a (A) (b ((A-i w (/3-i,a-i)-i)-(")) c)), 

a g C a , b e Cfj, c e C, \,n e G°. 

In particular, if A is an associative graded algebra then so is Cur A, if M is a 
finitely generated graded 7f°-module then Cend r M is an associative graded con- 
formal algebra. 

Let M = M 1 be a finitely generated graded iJ°-module. A representation 

7er 

p of an associative (r, a, <p)-graded conformal algebra C over G° on M is a homo- 
morphism p : C — > Cend r M of (T, cr, (/3)-graded conformal algebras over G°. Given 
a representation of C on M, the latter is called a graded conformal C-module. 

As in the case of ordinary algebras, we use the following convention: p(a)(\)v = 
a ry, v, a € C, v G M. If p is injective then the C-module M is said to be faithful; 
if p ^ and there are no nonzero proper graded C-invariant i7°-submodules in M 
then M is called irreducible. Irreducibility of M means that for every O^wG M 7 
and for every u £ M ai (a, 7 £ Y) there exist hi E H°, a t e C a , A, £ G°, i — 
1, . . . , n, such that 

n 

u = ^2h l (a i (Ai) v). 
i=i 

Definition 4. A graded subalgebra C of the (Y, a, </?)-graded conformal algebra 
Cend r M is irreducible if M is an irreducible graded conformal C-modulc. 

If C (x) C ^ for some A £ G° and C has no non-zero proper graded ideals then 
C is said to be simple. A graded ideal I of C is abelian if / ^ 1 = for all A £ G°. 
If C has no nonzero abelian graded ideals then C is called semisimplc. 

Lemma 1. Let C be a (Y, cr, ip)-graded associative conformal algebra over G° , U be 
a graded conformal C-module, and let W C U be a graded C-submodule such that 
hU CW for some h £ H° . Then (C (A) U) C W for all A £ G° . 

Proof. Consider an arbitrary pair of homogeneous elements a G C a , u G Up , where 
a, f3 £ Y. Suppose (a ^ u) = J2i hi®Vi£ H° ® U. Then 

(a ( x ) hu) = ^ h i s a,fi{ h (l)) ® h (2)Vi, 

i,{h) 
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where fyi) ® ft(2) is the Sweedler's notation for the standard coproduct in H°, 

(h) 

s a> p is the following automorphism of the algebra H°: 

SaAf) ■ A >-> {L v(a - 1)aP) f)i\°W), / G #°, A G G°. 
Consider the linear map ^ a ,p ■ H° ® U — > 7?° ® [/ defined as follows: 

(/) 

This map is invertible since 

(<£(/)) 

where £ is the standard antipode on if . 

Since (a ( x ) hu) e H° ® W C H° ® U , we also have 

(9) ¥-1,(0 (:c) to) = (ft ® l)¥-^(a (:c) n)efl% W. 

The group G° is connected and if has no zero divisors. Therefore, ((9]) implies 
¥~^(a (x) u) E H° ® W. By the definition of ¥ a ^, (a u) G ff° ® W. □ 

Proposition 2. Le£ C fee a finite simple (T, a, ip)- graded conformal algebra over 
G . Then there exists a finite faithful irreducible graded conformal C -module M 
which is a torsion-free H° -module. 

Proof. Since H° is a Noetherian algebra, G is a Noetherian i/°-module. There 
exists a maximal graded left ideal I of G. Then M = C/I is an irreducible graded 
conformal C-modulc which is obviously faithful. 

Moreover, M is a torsion-free iJ°-module. Indeed, consider the graded left ideal 
Ii = {aGC\a + lE Tot h o(C/ I)} which contains /. Since I is maximal, we have 
either I\ = I or I± = C. The first option means Tor ff o(G/I) = 0, so assume the 
second holds. 

In this case, there exists h G H° \ {0} such that hC C I. By LemmaQ] (G (X)C) C 
I for all A e G°, which is impossible for a simple algebra. □ 

Proposition 3. Let C be an irreducible graded subalgebra of the (T , a, ip)- graded 
conformal algebra Cend r M (over G°) for a finitely generated graded H° -module 
M . Then the homogeneous component C' e is a semisimple conformal algebra over 
G°. 

Proof. For an arbitrary ^ v G M 7 , the irreducibility of C implies 

C e v := H°{a (A) v \ a G C e , A G G } = Af 7 . 

Suppose J is an abelian ideal of G e , 7 7^ 0. If 7^ Iv 7^ M 7 then C e (Iv) CIw/ M 7 
which contradicts the irreducibility of M. Therefore, for each 7 G T either IM 1 = 
or I My = My. Since M is faithful and I 7^ 0, there exists at least one 7 G T such 
that M 7 7^ and JM 7 = M 7 . But then M 7 = 1(1 M^) — 0, a contradiction. □ 
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4. Irreducible graded algebras of linear transformations 
Suppose V = (J) Vy is a finite-dimensional T-graded linear space. Then End V 

is a T-graded associative algebra with respect to the natural grading (0. In this 
section, we consider the following problem: Describe graded irreducible subalgebras 
of Endy, i.e., graded subalgebras A C End V such that V has no nonzero proper 
graded A-invariant subspaces. (In the non-graded settings, the answer is given by 
the classical Burnside Theorem.) The case T = Z2 was considered in [13j. If T 
is a finite group then this problem naturally fits within the frames of conformal 
algebras over T; it was solved in [6]. Here we consider the general case. 

Without loss of generality, we may assume V e ^ 0. Otherwise, we may shift the 
grading on V by setting = V lg for a fixed element g G V. The corresponding 
grading on End V and its graded irreducible subalgebras remain the same. 

In the case |T| < 00, this problem was solved in [6] in the context of conformal 
algebras over T. If T is an infinite group then (kr)* is not a Hopf algebra, but we 
may still obtain a very similar result. 

Let T 7 , 7 e r, stands for the projection V — > Vy relative to the given grading 
on V. Denote by Tg the set of all 7 £ T such that Vy — 0. The identity operator 
Y] T 7 is actually presented by finite sum since almost all T 7 are zero. 

A subgroup < r is said to be fine if 

(10) r\r = r 1 ur 2 u---ur p , r fc = 7fc r 1 . 

Let us fix the system of representatives 71, . . . , 7 P £ T assuming 71 = e. 
Denote by Z(T, Tq, Ti) the set of all maps x : T x T — s> k such that: 

x(7,j8) = o, p G r or 7/3 e r , 

(11) x(7,a7fc)x(7a I /3) = x(l, a(3)x( a , P), a,^ £ T, (3 e T k , 
and for 7, j3 ^ Tq we have 

x{l,P) = 1 , ^ = 7fcOr7 = e, 
x(li 0) 7^ otherwize. 

For example, if Tx = T then Z(i\r ,ri) = Z 2 (T,k*). A restriction of x £ 
Z(T,r ,Ti) to Ti x Ti is a 2-cocycle from Z 2 (ri,k*). Moreover, for every 9 £ 
Z 2 (ri,k*) such that 9(e,e) = 1 the function 

x (7, /3) = J^rrfc.T* 1 /*). P e r fc , ^ g r„ 

[O, otherwize, 

belongs to z(r,r ,rx). 

Theorem 1. Let A be a graded irreducible subalgebra o/EndV7 Then there exist: 

• A fine subgroup Tx < T with a family of 7& G T, k = 1, . . . ,p, satisfying 

TO; 

• j4 function \ G ^(r,ro,ri); 

• ^4 family of linear isomorphisms t 7 : — > V^, 7 £ Tfc, where i lk = idy 7fc , 

(12) A a = < ^ x(a, 7)^7^4 afc^ 1 ?^ I a k G Hom(y 7fc , V a7 J > , a G I\ 

Ifc=i 7 er fc I 
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The isomorphisms L ai and i Q7fc in the right-hand side of (|12|) are defined only 
when aTk % IV Otherwise, x(a,7) = 0, so we just do not need to take into 
consideration those summands corresponding to such index k. 

Proof. Proposition [3] applied to G° = {e} implies the algebra A e is semisimple. By 
the Wedderburn Theorem, A e = 1% ©• • -®I p , where I k — M nk (k). For every a S A e 
we have 

(13) ° (E^ = E ^W: 

\/3er / 7 er\r 

where the map 7r 7 : A e — > EndKy is defined by 7r 7 (a) = aT 7 . This is a homomor- 
phism of algebras. 

For each k = 1, . . . ,p set T k = {7 e T | 7r 7 (7 fe ) ^ 0} 7^ 0. Obviously, r \ T = 
r x U • • • U T p) Tj n = for i ^ j. 

Let us fix a system of representatives 7^ G Tfc for fc = 1, ...,p, and assume 
e G Ti, 71 = e. If 7 G then (dimV^) 2 = dim/fe, so n 7 = Moreover, 
7r 7 (Jfe) = EndV^. Hence, ^tt^ 1 : EndV^ — > EndV^. is also an isomorphism, so it 
can be presented by conjugation: There exist linear isomorphisms i 7 : V lk — > Vj, 
7 G Tfe, k = 1, . . .,p, such that ^^"^(a) = t 7 at 7 1 for a G End V lk . 

Finally, (ITS!) implies 

r p 

(14) A e = I E h a ^ lT i I «fc e End^ 7 , 

[fc=i 7 er fc 

Lemma 2. TTie subsets Q T, k = 1, . . . ,p, are left adjacent classes in T with 
respect to finite subgroup Ti . 

Proof. It is enough to show the following property: jTkDTm ^ implies r m C jTk 
for every 7 G T and for every k, m 6 {1, . . . ,£>}. Indeed, the same property for 7 _1 
would show 7Ffc is equal to T m provided they have nonempty intersection. Hence, 
the finite set Ti is a subgroup, and all Tk, k = 1, . . . ,p, are left adjacent classes in 

r. 

Suppose 70 G 7r fc n T m , 70 = 7/3 , Po S T k . We may choose ^ u G Vp Q , 
0^»£ Vy . Since A is graded irreducible, there exists a G A 7 , b G Ay-i such that 
au = v, bv = u. 

If we choose aj — for j : k and aj. ~ idy Tfc in (HU then 

e-k = E e 

Consider c = aefcfr G A e . Since cv = aeuibv) = ae^u = t>, c ^ 0. Assume T m <2 l^k 
and choose any (3 G T m \ ^T^. Then for every w G Vg we have cw = ae k (bw) = 
because &u> G Vy-ip, 7 _1 /3 ^ r fc , ek(bw) = 0. The element c G A e constructed 
annihilates all Vp for /? G T m \ jT^, but cw = v ^ for w G V la , 70 G T m . This is a 
contradiction to (fl"4"]) . □ 

Consider an arbitrary a G A Q , a G T. Then 

a = a 7 , a 7 = aT 7 G Hom(V^., V Q7 ). 
7er 
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Here a 7 G Hom(Ky,V^. 7 ). Denote a 7fc by dfc, fc = Note that if 7 G Tk, 

G r m then e m aek G A Q , so a i ^ A a for every k = 1, . . . ,p. 

If a7fc ^ T then W an = {b G Hom(l/ 7 , V Q7 ) | 3a G A a : a 7 = 6} ^ 
for every 7 G IV Since W a , 7 is a (End V r ct7 )-(End V^)-bimodule embedded into 
Hom(V 7 , V ai ), we have Wq. )7 = Hom(l/ 7 , V Q7 ). 

Given 7 G IV a G T, = r m , the map o~ an : au i-> a 7 , a G A Q , is a 

linear bijection between Hom(V^, fc , V a ^ k ) and Hom(Ky, V^, 7 ). Assume Ca, 7fc = id 
and cr e . 7 (x) = l^xl^ 1 , since we have already established the structure of A e . 

Suppose a — ^2 a fc° 7 G A a , 6 = ^2 L fib m iZ Tp G A e , and consider 

ier k /3er m 

Here (&a) fe = t Q7(c 6 m i~^ fc a fc , (6a) 7 = L a ~ f b m L~} t a a k a -'' . Similarly, if 

c = 2J tpCk^Tp G A e 
/3er fc 

then (ac)fc = afcCfc, (ac) 7 = a^'^Cfct" 1 . 
Summarizing, if a G Hom(V 7fc , V r Q , 7fc ) then 

(15) (aac)' 7 --' =t a7 t-^^ a7fe t-^a CT »^t 7 ci- 1 

for all 6 G End V aik , c G End Ky fc . Dehne the linear transformation a' a of 
Hom(V" 7fc , V aik ) by the following rule: 

G Hom(V r 7fc , V Q7fc ). 

Then (6ac)°=T = 6a CT «.TC for all G EndVo, 7fc , c G EndV" 7fc . Hence, x ct °.t = 
x(a, 7)2;, where x : T x T — > k, and we may assume x{ a i l) = for 7 G To or aj G 
r . Also, x(",7fe) = 1, x(e,7) = 1 for 7 ^ T . Finally, x aa --< = xia,!)^^^^ 1 , 
which implies (fT2)) . 

It remains to derive (p~T|) . Consider two elements a G A Q , 6 G Ap, where 

a =^2 X^T^^a^" 1 !^, b = ^ x(/3,S)ips^ m b m i' s 1 T s . 
ter k ser m 

If c = ab ^ then /3r m = IV aTk 52 To- Straightforward computation shows 
On the other hand, 

<5er m 

so for 5 = 7,„ we have 

Cm = x{a, h m ){i a lm ^ k a k^ m b m ) ■ 
Therefore, x(ct/3, <5)x(a, /?7 m ) = y(a, P6)x(P, $)■ □ 
Corollary 1. graded irreducible subalgebra of EndV is simple. 
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Proof. Suppose A is a graded irreducible subalgebra of End V as described by 
Theorem [1] n = ni + • • • + n p . The basis of this algebra over Ik consists of 

where k,m — l,...,p, i = 1, . . . , n m , j = 1, . . . , nfe, 7 € Ti, and Eij : V^j. — >■ V^, m 
are linear transformations corresponding to matrix units in some fixed homogeneous 
basis of V. 

Consider the space of matrices M n (kTi) over the group algebra KTi. Let us 
enumerate rows and columns of these matrices by pairs (k,j), k — 1, . . . ,p, j = 
1, . . . , rife, instead of natural numbers 1, . . . ,n. Given a 2-cocycle x G Z 2 {Ti, k*), 
denote by k x ri the same space KTi endowed with twisted multiplication 7 • /3 = 
x(j,(3)jf3, 7i/9 £ ri. This graded algebra as well as matrix algebras M„(k x ri) 
with natural grading are known to be simple, see, e.g., |14) . 

Let <!> stands for the linear bijection from M n (kTi) to A defined by 

(16) $ : £( mil ),( fcj) 7 H> x(7m,7)^(m, l ),(fc,j)(7), 7 6 r i- 

Straightforward computation shows that $ is an isomorphism of graded algebras 
M n (kxri) and A. □ 

In particular, we obtain one more proof of the structure theorem for finite- 
dimensional graded algebras over an algebraically closed field: Proposition [2] and 
Corollary Q] immediately imply 

Corollary 2 f |141 115]). A finite- dimensional simple graded associative algebra A 
over an algebraically closed field is isomorphic to A/„(k x ri), where \ £ Z 2 (ri,k*). 

5. Graded conformal algebras over the affine line 

In this section, we consider graded conformal algebras over G° = A 1 , where A 1 
is the additive group of the base field k which is assumed to be algebraically closed 
and chark = 0. In this case, H° = k[T], AutG = k*, and a homomorphism 
<7 : L — > AutG maps 7 € T to a nonzero scalar (7(7) G k*, it acts on A 1 by 
multiplication. 

Remark 1. If P is a finite group then for every a : T — > k* all cocycles in Z 2 (T, k, a) 
are cohomological to the zero cocycle (see [12l III. 10.2]). Therefore, to classify 
finite simple associative conformal algebras over a linear algebraic group G such 
that G° ~ A 1 it is enough to consider only (T, a, 0)-graded conformal algebras. 

However, if L is infinite then there may exist nontrivial cocycles. This case 
does not correspond to a linear algebraic group, but we still can consider graded 
conformal algebras in these settings. 

By Proposition [21 to classify simple finite (r, a, (^)-graded associative conformal 
algebras it is enough to describe simple finite graded irreducible subalgebras of 

the (P, a, c/?)-graded conformal algebra Cend r M, where M = M 7 is a finitely 

7er 

generated torsion-free 77°-module. Such a module over k[T] is free. 

Let us state in details the structure of Cend M in the graded case. Suppose N 
is the rank of M over H°, and let ei, . . . , ejy be a homogeneous basis of M. For 
each i = 1,...,N there exists ai £ T such that ei 6 M ai . An arbitrary element 
a e Cend r M is completely defined by the family of regular functions (a (\) e = 
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N 

E E (-A) s af j (T)e J , i = l,...,N, where af^T) G F°. Hence, a G Cend r M can 

s>0j=l 

be identified with the matrix [a] = (aij(T,x)) G Mjv(k[T, a:]), where 
Oy(T,a;) = ^(cr(a :) a 4 " 1 )T + ^(a l a~ 1 ,Q i ar 1 )) s a^(x). 

The J ff°-module Cend r M carries the natural T-grading given by 

(17) (Cend r M) 7 = ^ h{T,x)E ij , 

iJ-.^—aiaJ 1 

where Eij are the matrix units. 

The operations (• ( A j •), A G A 1 , on matrices over k[T, x] may be explicitly com- 
puted by 0: If a = /(T, i)^, 6 = .g(T, z)^ then 

(18) (a (A) 6) = /(-a(a)(A + <p(a, a' 1 )), x) 

x g(T + a(a(3)\ + (p(a~ 1 , a/3), x + a(ati)\ + f(a^ 1 , ai))E^, 

where a = otiCtJ , /3 = a^a^" . 

Let V = V 7 be an iV-dimensional T-graded linear space, dimKy = n 7 , and 

let M = H° ®V be the free module with the inherited grading, M 7 = H° <£> V 7 . 

Given a homogeneous basis e = (ei,...,ejv) of V, consider Cend^, = {[a] e \ 
a G Cend r M} ~ Mjv(k[T, a;]) as a (r, cr, t/?)-graded conformal algebra in the matrix 
form (the grading is completely defined by a±, . . . , G T, as above). 

Suppose there is another homogeneous H°-basis / = . . • , /at) m such that 
(/i, . . . , /jv) = (ei, . . . , ej\[)Q(T), Q is an invertible matrix in M/v(k[T]) which can 

be presented in a block-diagonal form Q(T) = Q 7 (T), Q 7 , Q~ 1 G M„ 7 (k[T]). 

7er\r 

This is straightforward to compute that for a given a G (Cend r M) its matrix in the 
new basis can be found as follows: [a]/ = Q~ 1 (x)[a] e Q r (T, x), where Q r (T,x) — 

Q 7 (x-ff( 7 )r)- 
7er\r 

Theorem 2. ^4 finite graded irreducible conformal subalgebra C C Cend^- is iso- 
morphic to the current algebra Cur ,4 over a graded irreducible subalgebra A C 
EndV. 

Proof. Denote by To the set of all 7 G T such that Vy = 0. For each 7 G T \ To one 
may consider A/ 7 as an ordinary _ff°-module and define the (non-graded) conformal 
algebra Cend Af 7 . There exists a natural map 

(19) 7r 7 : C e -> Cend Af 7 , 7T 7 1 q»j (T 1 , x)Ejj j = ^ a i j(T,(r('y)x)E i j. 

i,j ' i,j:oti=ctj=-y 

It follows from (fT8|) that 7r 7 is a homomorphism of conformal algebras. Moreover, 
if jU 7 : M 7 — » M 7 is the map defined by h(T) ®ei-> h{a{^)T) <S> e then 

^ 1 (7r 7 (a))(A)/i 7 = q(A) j 

for all a G C e . Therefore, irreducibility of C implies 7r 7 (C e ) is a finite irreducible 
subalgebra of CendM 7 . By [TB], the latter coincides with CurEndk"T if we make 
an appropriate choice of an i?°-basis in M 7 . 
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The latter means (see, e.g., |17j ) that there exists an invertible matrix Q 7 6 
M„ T (k[x]) such that 

Q; 1 (x)^ 7 (C e )Q 7 (x — T) = M„ 7 (k[T]). 
Let us choose a new if°-basis in M with transition matrix 

0(r)= Q^Hir'T). 

7er\r 

In this basis, matrices of all elements from C e do not depend on x, i.e., 7r 7 (C e ) = 
Cur End k^. 

By Proposition |31 C e is a semisimple hnite conformal algebra. As shown in [3] 
(see also [U]), C e is isomorphic to the direct sum of current conformal algebras 
over matrix algebras, i.e., 

C e = I x © • • • © I p , I k ~ Cur Endk" fc . 

Denote by ir k the isomorphism Cur End k" fc — > //j . 

All conformal algebras CurEndk™ fc are simple, so we may split r \ Tq into adja- 
cent classes 

r fe = {7 G T | ^{I k ) = CurEndk™-}, k = 1, . . . ,p. 

In particular, n 7 = for every 7 £ Tj,. 

For every = 1, . . . ,p and for every 7 G we may consider the automorphism 
9 1 = 7r 7 7r fc : CurEndk"" -)• CurEndk™" 

Lemma 3. Lei be an automorphism of the conformal algebra CurEndk™ ~ 
M„(k[T]). Then 9(a) — Q~ 1 aQ, a G CurEndk", for some invertible matrix Q G 
M n (k). 

In particular, 6{E n ) — E n . 

Proof. Let us extend # to a map 9 : Cend„ — > Cend„, where Cend„ = Cend(i? ® 
k") ~ M n (k[T,x}) by the following rule: 

9{x k a) = x k 9(a), a G CurEndk", k > 0. 

It is easy to see that the map 9 obtained is an automorphism of the conformal 
algebra Cend n . 

All automorphisms of Cend„ were described in [16!, see a ^ so [13 ■ There exist 
a scalar a G k and an invertible matrix Q(t) G M n (k[t]) such that for a given 
a = a(T,x) G Cend„ we have 9(a(T,x)) = Q (x)a(T,x + a)Q(x — T). Since 9 
preserves CurEndk™ whose elements do not depend of x, the components of Q do 
not depend on x as well. □ 

Therefore, for every 7 G T k , k = l,...,p, 9(E nk ) — ■n 1 (ek) = E nis , where 
£ fe = Ti k (E nk ) G Ik- Since tt 1 is given by ([19]), e k = E Nk , where N k = r fc |n fe . 
Hence, C e contains the identity matrix En = E\ + ■ • • + e p . 

It remains to describe finite graded irreducible subalgebras C C Cendjy such 
that 7r 7 (C e ) = CurEndk™"? for every 7 G T \ T„ and E = E N G C e . 

Suppose a = a(T, x) is a nonzero element of C a for some a G V . Then 

(20) a = Y,W°T 1 )T cT x ))a s {x), a*(x) = £ 
where afj(x) € k[x\. 
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Since a r\) E € C a for every A € A , we may conclude a s (x) G C a for all s > 0. 
Therefore, C = H <g> A, where A is a graded subspace of Mjv(k[cc]) with respect to 
the same natural grading. 

Assume a = a°(x), and choose i,j G {1, ...,N} such that aij(x) = ^ 0. 
Denote 7 = 7j, then 7; = cry. 

Since both M 7 , M Q7 7^ 0, there exists 7^ 6 G C Q -i . We may assume b = b(x), 
and choose k, I G {1, . . . , N} such that 7; = 7, 7fc = 07, hk(x) 7^ 0. 

For every k G {1, . . . ,N} such that 7fe = aj there exists G C e such that 
TTcry^fei) = Eki G CurM„ Q (k) (assuming the numeration of rows and columns in 
this "small" matrix is the same as in the initial (N x A)-matrix a). 

Then c = b (0) (e^ (0) a) G C e , but (|7|) implies c(0)ej = 6(0)efci(0)a(A)e :) . The 
latter is equal to bik(T)aij(T + tp(a,j))ei G M 7 , i.e., if either of aij or 6fc/ depend 
on x then some nonzero coefficients of c G C e also depend on x. This is impossible 
since C e is a direct sum of current algebras, 7r 7 (C e ) = CurEndk™^ = M n (k[T]). 

Therefore, if we choose a basis of M over ff° as described above then all coef- 
ficients of all matrices in A do not depend on x. Hence, A is a graded subalgebra 
of M/v(k) ~ EndV^. It is easy to see that the irreducibility of C implies A to be 
graded irreducible subalgebra of End V. □ 

Corollary Q] implies 

Corollary 3. A finite graded irreducible conformal subalgebra C C Cend^ is sim- 
ple. 

Corollary 4. A finite simple (T, a, ip)- graded associative conformal algebra is iso- 
morphic to the current graded conformal algebra Cur A over a simple finite-dimen- 
sional graded associative algebra A. 

Proof. By Proposition^ and Theorem[2]we have C ~ Cur A for a finite-dimensional 
graded associative algebra A. The graded algebra A has to be simple since a nonzero 
proper graded ideal I < A produces similar ideal Cur / in C . □ 

Now, consider scmisimple graded associative conformal algebras. We need a 
statement that can be proved in general settings. 

Let G° be a connected linear algebraic group, T be a group, and let M be a 
finitely generated torsion-free T-graded i/°-module. As before, fix a homomorphism 
a : T -> Aut G° and a cocycle ip G Z 2 {T, G°,a). 

Lemma 4. Let C be a semisimple (T,o~,tp)- graded associative conformal algebra 
over G , and let M be a faithful graded conformal C -module which is torsion-free 
and finitely generated as an H -module. Then the set of all nonzero faithful graded 
C-submodules of M contains a minimal element. 

Proof. Suppose 

M = M D Mi 3Mj3... 

is a descending chain of faithful graded C-submodules. Since M is Noetherian, all 
Mfc are finitely generated over H°. 

Consider the field of fractions Q(H°) and the linear space Q(M) — Q(H°) <S>h 
M . Since M is torsion-free, M is a k-subspace of Q{M) and all Mk span finite- 
dimensional Q(i/°)-subspaces of Q(M). Therefore, there exists N > such that 
for every n > N there exists 7^ h G H° such that hMx C M n . 
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By Lemma [U (C (A) M N ) C M„ for all A G G°. The i?°-submodule GMjv = 
if°{(a (>) it) | a G C, u £ Mjv, A G G } is a nonzero faithful graded conformal 
C-submodule of M which is a lower bound of all M& in the initial chain. The Zorn 
Lemma implies the claim. □ 

Theorem 3. If every finite irreducible (V , a, tp)- graded subalgebra o/Cend r M is 
simple then every finite semisimple (T, cr, if) -graded subalgebra of Cend M is a 
direct sum of simple ones. 

Proof. Suppose G C Cend r M is a semisimple (F, a, (^)-graded subalgebra. It 
follows from Lemma |4] that there exists a minimal faithful graded conformal C- 
submodule M C M, so G C Cend r M . 

Let 17 be a maximal graded conformal C-submodulc of Mo. If U — then Mo 
is irreducible, so C is simple. If J7 ^ then / = {a G C | af7 = 0} is a nonzero 
graded ideal of C. Moreover, if V stands for {v G M | Iv = 0} G Mo then U = U' 
from the maximality of U . 

Denote J = {a E C \ la = 0}. This is a graded ideal in C, and / (~1 J = 0. Note 
that JM CU' = U. Conversely, if aM C C7 then IaM C IU = 0, so M/C7 is 
a faithful graded conformal C/J-module. This module is irreducible by the choice 
of U. 

Hence, by the assumption of the Theorem, C/J is simple, so / ~ C/J, and 
C = I® J- It is obvious that J is semisimple, and we may apply the same procedure 
to J. Noetherianity of C implies the process to stop on a finite number of steps, so 
C = I\ ® ■ ■ ■ © I p , where Ik are simple finite graded conformal algebras described 
by Corollary |H □ 

Corollary 5. A finite semisimple (T, a, tp)- graded associative conformal algebra 
over the affine line is a direct sum of simple ones. 

Proof. It is enough to note that a finite semisimple graded conformal algebra C 
embeds into Cend r C, and then apply Corollary [3] □ 
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